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Abstract 
Belmehdi, S., On Appell-Laguerre polynomials, Journal of Computational and Applied Mathematics 49 
(1993) 11-17. 
In this note we give a digest study of Appell-Laguerre polynomials, we provide a recurrence relation and a 
second-order differential equation satisfied by these polynomials. Moreover, an explicit expression and a 
generating function of the polynomials are given. The location and the number of the real zeros of 
Appell-Laguerre polynomials are determined; consequently, we recover information about the zeros of 
Laguerre polynomials when the range of the parameter (Y is the whole real axis excepting the negative 
integers. 
Keywords: Appell polynomials; Laguerre polynomials; Rodrigues’ formula; generating function; hypergeomet- 
ric differential equation 
1. Introduction 
In the recent work [3], seeking for an operator version of Rodrigues’ formula corresponding 
to the classical inear functionals (Hermite, Laguerre, Bessel, Jacobi), we generate a collection 
of polynomials, say Q,<x; k), k, II 2 0. It turns out that for each fixed k, (Q,< .; k)), > 0 is an 
Appell sequence. Furthermore, if we display this collection on an infinite array with two entries 
II and k, the principal diagonal is composed of the classical orthogonal polynomials, and the 
mth subdiagonal (respectively the mth superdiagonal) is composed of the mth derivative 
(respectively the mth primitive) of the principal diagonal. 
Here we investigate the Laguerre case, hence {Q,( .; k)}, > 0 will be named the Appell- 
Laguerre sequence. The note is laid out as follows: in this section we introduce our notation. In 
Section 2 we outline the approach how to get, among others, the nonstandard recurrence 
relation, the second-order differential equation of hypergeometric type satisfied by the 
Appell-Laguerre polynomials. In Section 3, by applying the Frobenius technique to the 
second-order differential equation, we give an explicit expression of Q,<x; k) in terms of a 
hypergeometric function, and, using the Appell character, we obtain a generating function of 
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Appell-Laguerre polynomials. In Section 4, first we establish a result concerning the simplicity 
of the zeros of Q,<x; k) (for fixed k) and we sketch a method which allowed us to determine 
the number and location of the real zeros of Q,(x; k). Since Q,<x; n), yt 2 0, are the Laguerre 
orthogonal polynomials (up to a constant), we recover information about the zeros of Laguerre 
polynomials when the range of the parameter (Y is the whole real axis excepting the negative 
integers. 
Let 9 be the vector space of all polynomials in one variable. 
Definition 1.1. A linear functional 9 is said to be regular if and only if 
A, = det(( 9, x’+‘))Lj=a z 0, it > 0, 
where (9, P) denotes the value of _Y applied to P ~9. 
(1.1) 
Definition 1.2. Let _Y be a regular linear functional; _Y is called a classical linear functional if 
and only if _‘S? satisfies the following functional equation: 
&Y+D[&Y] =o, (1.2) 
with 4 a polynomial of degree one and 4 a polynomial of degree at most two and where 
($2, P> := (9, ,clP), PEY’, (I-3) 
(D[_Y], P) := -(_T, P’), PEP. (1.4) 
By means of a displacement of the variable, one may reduce (1.2) to four cases and produce 
canonical forms of (1.2); specifically we have 
4(x) =2x, 4(x) = 1, for the Hermite case, 
$(X) =x-a - 1, 4(.x) =x, for the Laguerre case, 
$(x) = -2((rX + l), 4(x) =x2, for the Bessel case, 
(cr(x)= -(a+p+2)x+p-a, +(x)=x*-l, fortheJacobicase. 
Condition (1.1) is equivalent to cy # -n - 1, II E N, for Laguerre, Q Z - in, IZ E N, for Bessel, 
and a, p # -n - 1, (Y + p # -n - 2, y1 E N, for Jacobi polynomials. 
2. Identities satisfied by the Appell-Laguerre polynomials 
Let us start from (1.2), which may be written in an equivalent form as follows: 
$D[ _.Y] = - (4’ + $)T. 
By means of (1.31, we define 
_Fk := 4k-E”, k > 0. 
It is clear that 
@[ Pk] = [(k - l>+’ - (CI] Tk- 
(2-l) 
(2.2) 
(2.3) 
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Let us denote 
Q&x; k) = (k - 1)4’(x) -$(x), k > 0; (24 
Q,(n; k) is a polynomial of degree at most one. If we multiply (2.3) by 4 and differentiate the 
resulting equation, using again (2.31, we get 
42D2[ T,J = &2(x; +5o 
where 
Q2(x; k) = [(k - 2)4’(x) - ccI(x)]Q& k) + +)Q;(x; k). 
By repeating this process, we generate a polynomial collection {Q,< .; k)}, n 2 0, k is an integer 
parameter; this collection is defined by 
c#P(x)P[Z’J = Q,(x; k)_E”,, n, k > 0. (2.5) 
It is easy to see that {Q,J 0; k)), > O satisfies 
Q,(x; k) = [(k -+I+> - +(x)]Q,-,(x; k) + d+)QL(x; k), n 2 1, 
Q&x; k) = 1. (2.6) 
Thus, if we display this collection in an infinite array with two entries II and k, we get 
‘Q&x; 0) Ql(x; 0) Q,(d9 *.. Q&i 0) *** ’ 
Q&x; 1) Q,(x; 1) Q&i 1) ... Q&i 1) *** 
Q,,(x; 2) Q&G 2) Q,(G~) *** Qn(4 ... 
Q,(;; k) Q,cx; k) Q,(;; k) . . : a,(~; k) **a 
\ / 
Let us differentiate (2.3) n - 1 times; by applying the Leibniz rule, we have 
4(-+“[ -%J = [(k - +#W - cW]~“-‘[-%I 
+ $(n - 1)[(2k - TZ)@’ - 21j’]P-~[ 9$]. 
By multiplying this last identity by c#F~ and taking into account (2.5), we get 
Q,(T k) = [(k -+#+> - vWlQ,-,(G k) 
+ +(n - 1)[(2k -+$” - 2+‘]4(x)Q,_,(x; k), ~222. 
A comparison between (2.6) and (2.7) leads to 
Q;_,(x; k) = +(n - 1)[(2k -n)+” - 2@]Q,_,(x; k), n a 2, k > 0; 
shifting the subscript, we have 
Q,‘z+@; k) = A n+I,kQ,(x; k), k, n a 0, 
where 
A .+,,,=+(~~+1)[(2k-n-2)&‘-2$‘], k, n>O. 
(2.7) 
P-8) 
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Equation (2.8) means that, for a fixed k 2 0, {Q,< 0; kl), > 0 is an Appell sequence 111. If we 
denote by q,,,(k) the leading coefficient of Q,(x; k), from (2.8) we have 
(n + mz+l,n+l(k) =4z+l,A,n(k)~ k, I2 20. (2.9) 
Thus, for a fixed k 2 0, Q,(x; k) is of degree exactly IZ, if and only if A,,, Z 0, n > 1, or 
24’ # (2k -n - l>@‘, y1 > 1. 
Formula (2.7) is the three-term recurrence relation; notice that the coefficient of Q,-*(x; k) 
is a polynomial of degree at most two, except for the Hermite case where 4(.x> = 1; this is a 
nonstandard three-term recurrence relation. 
Now it is easy to get the second-order differential equation, by rewriting (2.7) and using (2.8), 
namely 
4(x)Q;(x; k)+[(k-n)@(x)- $(x)]Q+; k)-A,,,Q,<x; k)=O, n a0. 
(2.10) 
We recall that in [3] we proved that the principal diagonal is composed of the classical 
orthogonal polynomials, according to the specific values of 4 and 4, and the mth subdiagonal 
(respectively the mth superdiagonal) is composed of the mth derivative (respectively the mth 
primitive) of the principal diagonal. 
From now on, we are going to focus on the Laguerre case, namely, we shall take G(X) =X - 
cy - 1, 4(x) = X, (Y # --IZ - 1, II E lV; then (2.7), (2.8) and (2.10) become respectively 
Q,+i(x; k) = (-x + a + k - n)Q,(x; k) - n~Q,-~(x; k), n a 1, 
Q&i k)=L Q&x; k)= -x+a+k, 
(2.11) 
Ql,+l(x; k) = -(n + 1)QJx; k), n a 0, (2.12) 
xQ;(x; k)+(-x+a+k+l-n)Q;(x; k)+nQ,(x; k)=O, n>O. (2.13) 
3. Explicit expression and generating function 
Using the Frobenius technique on (2.131, we obtain 
(-n, j)x’ 
Qk k)=“nojco (a+k+l_n j)j!’ k, n>,O, , (3.1) 
where (x, j> =x(x + 1) * * . (x +j - l), j 2 1, (x, 0) = 1, and a,, is a normalisation constant. 
Hence, 
(3 4 
If we set k = n, in (3.1) or (3.21, we get, up to a normalisation factor, the Laguerre polynomials 
[41. 
In order to produce a generating function in a closed form, we have to choose a normalisa- 
tion; let us take a,, = ( - l>“((r + k + 1 - ~1, n); then (3.1) becomes 
fi (-l)“(a+k+l-n,n)(-n, j)xj 
Q,(G k)= c , k,n>O; 
j=O (a+k+l-n, j) j! 
(3.3) 
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but 
Q,(x; k) = 2 (J)(-cx -k, IZ -j)xj. (3.4) 
j=O 
Q,<x; k) written as in (3.4) gives, by means of the Appell method [ll, the expression of the 
generating function: 
G(x, t) = c Q,(x; k): = e%(t), 
n>O 
where 
4f) = c (-a-k, n) 
iZ>O 
n, 
P=,F,( -Lkit). 
Thus, 
(cf. [6, p.4611 h w ere the Appell-Laguerre polynomials appear without the consideration 
developed here). 
4. Zeros of Appell-Laguerre polynomials 
We shall investigate the location and the number of the real zeros of the sequence 
{Q,k k&o for each fixed k a 0; we will use differential relations of the first order to extract 
all information about the zeros of Q,<x; k) instead of using, as is usual, the second-order 
differential equation or the properties of hypergeometric functions. 
The keys of our analysis are the following identities: 
4 n+l,n+l(k) = -4,,,(k), 12 a 0, 
Qn+&x, k)=(-x+a+k-n)Q,(x; k)+xQ;(x; k), n>O, 
Q,i+& k) = -(n + l)Q,(x; k), n a 0, 
Q,+,(x; k) = (--x + a + k - n)Q,(x; k) - mQ,_,(x; k), n a 0. 
Let us define 
(4.1) 
(4.2) 
(4.3) 
(4.4) 
&,,=a+k-n, k, n>O. 
Taking (4.2) into account, we have 
Qn+,<o; k) = jfioi.-j,x~ k, n > 0. 
In accordance with (4.6) and (4.3) we may assert the following. 
(4.5) 
(4.6) 
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R I. If cx # I, 1 E N, then 0 is not a zero of Q,(x; k), k, IZ > 0. 
If cx = I, then 0 is a zero of Qr+k+j:x; k) o multiplicity j + 1, and Q,<n; k) does not vanisl f 
at x = 0 for IZ < 1 + k. 
As we may notice, Q[+k+j (n; k) for k, j 2 0 are polynomials located in the upper-righ 
triangular part of the infinite array. In the sequel, we will assume tacitly, when we are 
concerned with the polynomials belonging to the strict upper-right triangular part of the 
infinite array, that cr f 1, 1 E N; this does not affect the elements of the principal diagonal. 
Using (4.2)-(4.4), we state the following. 
R II. For each fixed k a 0, Q,(x; k) has simple zeros. 
In the determination of the number and location of the real zeros of Q,(x; k) we proceed b! 
induction on n; specifically, if we know what happens at level n, then 
- (4.1) allows us to know lim,, ,mQn+l(x; k); 
- (4.2) provides the sign of Q,+,(O; k) and the sign of Q,+,(x; k) at the zeros of Q,(x; k); 
- (4.3) shows that the zeros of Q,+,(x; k) are exactly the zeros of Q,(x; k) and gives the sigr 
of Q,+,<x; k). 
From all these considerations we may claim the following. 
RIII.Let c-w< -1 and (Y= -1-e where ZEN*,O<E<l; then 
- if k < 1, Q,( X; k) has i(l - (- 1)“) zeros in I- a, O[; 
- if k > 1, say k = 1+ j, j 2 1, we have two situations: 
(i) II <j - 1: Q,<x; I + j) has II zeros in 10, +m[; 
(ii) II >j: Qj+Jx; 1+ j) has i<l - ( - l)h) zeros in I- ~0, 01 and j zeros in IO, +m[. 
R IV. (y > - 1; for technical reasons due to the computation, we split this case in two subcases 
(A) -1 <a<O; then 
(i) Q,<x; 0) has i(l - (- 1)“) zeros in I- 03, O[; 
(ii) for 0 < JZ < k - 1, Q&x; k) has IZ zeros in IO, m[; 
(iii) for it 2 k, Qk+j (x; k) has i(l - (- 1)‘) zeros in ] - 00, 0[ and k zeros in IO, +m[. 
(B) CY > 0, say (Y = 1+ E, 1 E N, 0 G E < 1; then 
(i) for 0 <n < I+ k, Q,<x; k) has IZ zeros in IO, m[; 
(ii)for n>l+k+l, Q[+k+l+j (x; b) has i( 1 - ( - 1)‘) zeros in ] - 03, O[ and I + k + 1 zero 
in IO, + 4. 
In (B)(ii) we assumed implicitly, in accordance with R II, that E does not reach the value 0 
As we recalled in Section 2, the principal diagonal of the infinite array is composed o 
Laguerre orthogonal polynomials (up to a constant); we may assert the following. 
RV.(i) If a< -1 and (Y= -Z-E, IEN *, 0 < E < 1, then P,(x) = Q,(x; n) has i(l - (- 1)” 
zeros in ] - 00, 0[ for n G I, P,+j(x) = Q,+j(x; I+ j) has i(l - (- 1)‘) zeros in I- 03, O[ and 
zeros in [0, w[, j > 1, which agrees with the results given in [2,51, [7, Theorem 6.73, p.1511. 
(i) If (Y > - 1 and (Y = 1+ E, I E N, 0 G E < 1, then P,(x) = Q,(x; n) has n zeros in 10, +w[ 
which is a classical result concerning the positive definite Laguerre polynomials. 
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